Parametric Particle Motion (BC Only)

Particle motion problems on the AP Calculus BC exam are often in the context of parametric equations or in the context
of vectors.

Suppose that a particle has a position vector given by (x(t), y(t)) at time t.

dx dy

e Velocity: v(t) = (x(£),y'(1) = (E’E)

e Speed (a.k.a, magnitude of velocity): |v(t)| = \/(x’(t))z + (y'(t))? = (%)2 + (%)2

d?x dzy)

e Acceleration: a(t) = (x"(t),y"(t)) = (ﬁ;ﬁ

2 2
e Distance Traveled between t = aand t = b: f;\/(x’(t))2 + (y'(t))%dt = fb (d—x) + (d—y) dt

a dt dt
dy
d "t aF
e Parametric Definition of Slope: — = y,( ) — aL
dx x'(t) T

e Parametric Interpretations of Particle Motion:

o) % < 0 & The particle is moving left
o % >0 & The particle is moving right
o % < 0 ¢ The particle is moving down

o % >0 < The particle is moving up

dx

Fri 0 & The particle’s position graph has a vertical tangent

d . . ,
o d—Jt/ =0 < The particle’s position graph has a horizontal tangent

d d S .
o d—’tc =0 and d—f =0 & The particle is not moving


‘
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Motion Problems in Parametric Equations

1. A particle’s position at time [ on the coordinate plane Xy is given by the vector <sec f, tan I> .

a) Find the velocity vector at any time £ Use your expression to find the velocity vector for the
. T
particle at = rE
b) Find the acceleration vector at any time £ Use your expression to find the acceleration vector

for the particle at = g .
c) Find the particle’s speed at f= g .

d) Find the equation of the line tangent to the motion of the particle at /= g .
e) Set up an integral expression to find the total distance traveled by the particle in the time interval

T .
{0, 5} Use your calculator to evaluate your expression.

2. A particle’s position at time f on the coordinate plane X)is given by the vector <I2 +141- l3> .

a) Find the velocity vector of the particle at time /= 4.

b) Find the acceleration vector of the particle at time /= 4.

c) Find the particle’s speed at time /= 4.

d) Find the equation of the line tangent to the motion of the particle at /=2.

e) Setup an integral expression to find the total distance traveled by the particle in the time interval
[0, 4]. Use your calculator to evaluate your expression.

(You may use your calculator to answer this question.)
3. The position of a particle moving on a plane is given by the parametric equations X(l) =3sinf and

)= —cost, for 0<t<m.
a) Find an equation for the normal line to the path described by the particle at /= g The normal

line is perpendicular to the tangent line to the curve.

b) Find the initial and final position of the particle for 0 <7< m. Find the distance between these
two points.

c) Find the total distance traveled by the particle for 0 < /<.

d) Are your answers to parts (b) and (c) equal? Explain.

True or False? Explain...
4. The acceleration of an object is the derivative of its speed.

5. The velocity vector points in the direction of motion.

SEE OTHER SIDE




6. The velocity of a moving particle at time / is given by the vector <l‘3 —41, I‘> . Attime f=1, the

position vector of the particle was <0, %> .

a) Find the position vector of the particle at any time time £ To do so, solve the initial value
a
problem — =7.
at

b) Find the velocity vector at /= 2. Interpret the values found for both the horizontal and vertical
velocity of the particle at time /= 2.

c) Find the particle’s speed at 7=1.

d) Find the acceleration vector of the particle at any time time £

7. The position of a particle is given by the equations )((l‘) =sinf and y(l‘) =cos2t, for 0<1<2m.
a) Find the velocity vector for the particle at any time time £

b) For what value(s) of f is % =07

c) While describing the motion of the particle, what is the significance of the value(s) you found in
part (b)? Explain.

2000 CALCULUS BC (no calculator allowed)
8. A moving particle has position (X(f), {#)) attime £ The position of the particle at time =1 is

(2, 6), and the velocity vector at any time /> 0 is given by (1 — %2, 2+ %2) .

a) Find the acceleration vector at time /= 3.

b) Find the position of the particle at any time £ Use your formula to find the position of the
particle at time /= 3.

¢) For what time />0 does the line tangent to the path of the particle at (X(f), )(f)) have a
slope of 8?

d) The particle approaches a line as f— oo. Find the slope of this line. Show the work that
leads to your conclusion.
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AP Calculus BC
Review — Chapter 11 (Parametric Equations and Polar Coordinates)

Things to Know and Be Able to Do

» Understand the meaning of equations given in parametric and polar forms, and develop a sketch of the appro-
priate graph

> Find the slope of a tangent line to a parametrically-given curve at a particular point using the equation
dy dy/dt
dx  dx/dt

> Find the second derivative of a parametrically-given curve at a particular point using the equation
d’y %(dy/dx)
dx*  dx/dt

» Find the area enclosed by a parametrically-given curve

> Find the arc length of a parametrically-given curve and the area of the surface generated by revolving a para-
metrically-given curve

> Find the area enclosed by a polar curve using the equation A Z%J.erH (understanding that r= f(&)) and

, and understand how this is derived using the Chain Rule

, and understand how this is derived using the Chain Rule

understand how this is derived. Be very careful with finding the endpoints for evaluating the integral!
> Find the arc length of a polar curve

Practice Problems
These problems should be done without a calculator, with the exception of 12, as explained below. The original test, of course,
required that you show relevant work for free-response problems.

x =3cost

1 For 0<t<13, an object travels along an elliptical path given parametrically by { dine’ At the point at which
y=4sint

t =13, the object leaves the path and travels along the line tangent to the path at that point. What is the slope of the
line on which the object travels?

4 3 4tan13 4 3
a —— b —— c - d - e —
3 4 3 3tan13 4tan13
x=t =3¢
2 The position of a particle moving in the xy-plane is given by the parametric equations . For what
y=2-3t"—12¢
values of t is the particle at rest?
a —1 only b 0only ¢ 2only d -1and2only e -1, 0,and2
x=t"—4t+1
3 A curve C is defined by the parametric equations , . Which of the following is an equation of the line
y=t

tangent to the graph of C at the point (-3,8)?
a x=-3 b x=2 c y=8 d y=—Z(x+3)+8 e y=12(x+3)+8



x=t
4 A particle moves so that its position at time t is given by { . What is the speed of the particle when ¢t =32

y=sin(4t)

c \/(4cosl2)2+36 d (sin12)2+81 e (4cosl2)2+36

4cosl12
6

a —8sinl2 b

5 Which of the following integrals represents the area shaded in the graph
shown at right? The curve is given by r =4sin26.

2n . b Fid . Fid .
a Ln/22sm(26’)dt9 L/zssmz(ze)de € [ 2sin’(20)d6
d Fid . 27 .

L/2251n(29)d0 ¢ J;ﬂ/z4sm2 (26)do

6 Which of the following integrals represents the arc length of the polar
function r =1+ cosf from 0< O < w2

: Lﬁx/(“(—os@)z+(—sin49)2d9b [ V1+sin’ 0.do
c B d ﬂl 2
J.O (1+cos@)do J.O L(1+cosf) do

e LﬂZn(l—i—cosﬁ)sinﬁ\/(l—i-cosﬁ)z —i—(—sinﬁ)2 46

2

7 Consider the graph of the vector function r(t) = <1 +£,34 4t>. What is the value of d__)/ at the point on the graph

2
X

where x=2?

c —— d — e ——

3 9 18

4 8 8 1
a0 b —
3

8 A particle moves so that at time ¢t >0 its position vector is <1r1(t2 + 2t),2t2>‘ At time t =2, its Velocity vector is
N IR R S
A

9 Consider the curves r, =2cosé and r, = V3. Y

a Sketch the curves on the axes provided at right.
b Show use of calculus to find the area of the region common to

both graphs.
_ . . x =28 =3¢
10 Consider the curve given parametrically by , . . . J t J -
y=t —12t
X
a In terms of ¢, find —y. T
X
b Write an equation for the line tangent to the curve at the point at
which t=-1. 1

c Find the x- and y-coordinates for each critical point on the curve
and identify each point as having a vertical or horizontal tangent.



11 A projectile is launched from the edge of a cliff 192 feet above the ground below. The projectile has an initial veloc-
ity of 128 feet per second and is launched at an angle of 30° to the horizontal. A horizontal wind is also blowing
against the projectile at a velocity of 18 feet per second. The acceleration of gravity is 32 feet per second per second.

a Sketch the situation and the path of the projectile.

b Write a vector equation that represents the path of the project tile, using ¢ in seconds as the parameter.

¢ When does the projectile reach its maximum height, and what is this maximum height? Justify your answer.

d How far, horizontally, does the projectile travel before landing on the ground?

When this test was originally administered, the following question was to be taken home and completed with the use of a cal-
culator but with no other resources permitted to be used, such as other people, books, computers, or anything else. Students had
one weekend to complete this.

12 An object moving along a curve in the xy-plane has position (x(t),y(t)) at time t>0 with Z—x= 12t—3¢* and
t

%z ln(l +(t—4)4). At time t=0, the object is at position (—13,5). At time t =2, the object is at point P with x-
coordinate 3.

a Find the acceleration vector and the speed at time ¢t =2.

b Find the y-coordinate of point P.

¢ Write an equation for the line tangent to the curve at point P.

d For what value(s) of t, if any, is the object at rest? Justify your answer.
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\":! CHAPTER 11 WORKSHEET ANSWER KEY
PARAMETRIC EQUATIONS AND POLAR COORDINATES
1.
a) V=<secl‘~tanl‘, sec’ f>. At fzzz T/:<z, ﬂ>
6 373
b) @=(secttan’ f+sec’ , 2sec’ tant). At t= % =a= <¥¥> ~(1.925, 1.540).
2 2
o) speed: [ 2] <[ V) . a l=£:>£zl.49l.
at at 6 3
@ 4
d) At f:E:ﬂ/zﬂ:l:ZPoint: ﬁ, ﬁ :>y—£:2 X—&
6 ax ax 2 373 3 3
a3
g 2
e) I\/(sec {-tan 1)’ +(sec2 I) aft~2.038.
0
2.
a) 7=(9, —48)
b) 2=(2, —24)
c) Speed: /(9) + (- 48) =+/2385 ~ 48.837
dy
ay gt 12 . 12
d t=2=>—==-"-=——_Point: (6, -7)= y+7=——(X-06
) s 6 -7)=y s (x-6)
at
4
&) [J@t+1f +(-3£) dt~68.209
0
3.
&
a) = T ﬂ/ - ar _ 20+ sint ~ 1.974 = Slope normal line: — ! ~ —0.507 .
3 " dx @X  3cost 4
at
Point: (2.599, 0.597)= y—0.597 =—0.507(x—2.599)
b) Initial: (0, —1). Final: (0, n*+1). Distance: n*+2~11.870.
¢) [JBeost) +(21+sintf df~14.135
0
d) No. One is the arc length the other one is a chord (line segment).




4. False. The acceleration is the derivative of the velocity.

5. True.

2
a) Doing antiderivatives: 7 = <£ -2+ C,, r + 02> . Using the initial condition:
4 2

2
7= ﬁ—zz‘z +z, r
4 4 2

b) V= <O, 2> . The particle horizontal velocity is zero: it is not moving horizontally. The particle

vertical velocity is 2: it is moving upwards.

¢) Speed: /(=3)° +(1)’ = J10

d) a=(3r-4,1)

[
N
<!

=(cos f, —2sin2{)

b) % =0=cos/=0 and —2sin2/=0. That happens when f= g and 37% .
c) Those are the times when the particle’s velocity is zero: the particle is stopped at those times.

2000 CALCULUS BC (no calculator allowed)

8. 2 2

a) a=(217, -217). At t=3=a=(_-, -
277 27

b) Doing antiderivatives: 7 = <I‘ + % +C,, 2t- % +C, > . Using the initial condition:

P=lted 2t-Lis) ac =3 p= (1032
t t 3

3
o (1-h 20 2)-(22)
t t at dt

d ﬂ/ 2+i2 3
Since 8:—y:ﬂ:_f:>f: el
a ox o1 2
at r
2+L
(D r .
d) ltlm(ajzltlm = 2. The slope of the line is 2.




Answers

1d 2c¢ 3a  4c 11a see solutions
5b 6a  7d  8a 5 11b () =((64+/3 — 181,64t~ 16¢” +192)
. 3
9a see solutions % ——-— 11c 256 frat t=2s 11d 384+/3 — 108 ft
_ 2 32 2
100 36712 _ -t 4 Lob y_ll:_i(x+5) 12a a(2)= <o _E> 2)| =144 +(In17)* ~12.330
61> —6t 22 —2t 4
10c¢ horizontal at (—28,16) and (4,—16); 12b 13.671 12¢ y—13.671= In17 (x—3)
vertical at (—1,—11) and (0,0) 12d t=4 onl 12
= on Y
Solutions
dy/dt
1 We find d—x=—3sint and d—y:4cost. Then (by the Chain Rule) d_y y/ dcost 4 , soat t=13,
dt dt dx dx/dt —3sint  3tant
d_y =— 4 . This is choice d.
dx 3tan13

2 We want a time t at which both Z—x =0 and jl—y =0; thatis, both 3t* —6t=0 and 6t —6t—12=0. The first equa-
t t

tion is 3t* =6t or t=2, and the second equation is the same as t* —t—2 =0, which factors to (t—2)(t+ 1) =0.

d ) ) ) ) )
Therefore 9_ 0 forte {2,—1}; the intersection of the two solution sets is t =2 only, choice c.

dt
dy/dt 2
3 Firstly, find that (x,y) = (—3,8) occurs at t =2, Now find d_x =2t—4 and d_y =3¢", so —=— dy y/ i Then
dt dt dx dx/dt 2t—4
3(2)

d_y = ( ) —2 This is undefined, so the tangent line must be vertical. Since the point has an x-value of

dxl., 2(2)-4 0

—3, the relevant tangent line is x = -3, choice a.

dx dy
" dt

which is \/62 +(4c0512)2 =\/(4c0512)2 +36, choice c.

4 The particle’s velocity is given by (t) < > <2t 4cos4t> We are interested in ||v(3 ”—H 6 4cos(12)>

5 Recall that the area enclosed by a polar graph is given by + I r’df. Therefore the integrand must be
2(4sm29) 2(16)sm 260 =8sin’20. Without even having to consider the limits, we already know that the

correct choice must be b.

6 Recall that the arc length of a curve represented in polar coordinates is given by .[ r +(j;j dl. Since

ﬂ =—sin@, the integral must take the form J\/ (1 + cos 6’)2 + (—sin (9)2 d@. We are given the limits, and the cor-

do

rect answetr is a.



2 d(d
e\ dx dy/dt
7 Recall that when a curve is given parametrically, d—)z/ _ (d ) Therefore we must find d__)/ ZL. This is iz
dx b dx  dx/dt 3t
2 a4 _ 8 2
Therefore d 32/ = dt(f) = 32‘3 :—ig. The point at which x =2 is the point at which t=1, so d_); __8 ,
dx 3t 3t ot x“|_, 9

choice d.

8 The velocity vector is v(t) = <Z—x,fl—y> = <%,4t>. At t=2, we have v(2) = <%,8>, choice a.
t t tm+ 2t

9a The first equation is a circle of diameter 2 tangent to the y-axis and shifted

along the positive x-axis; the second is a circle of diameter 3 centered at the
origin. The circles along with the region referred to in part b are shown at

right.

T

9b As shown in the diagram, the circles intersect at the points (r,@) = (\/g,g)

and (\/5 ,—%j. Note that the region is symmetric about the line € =0, so we

have the luxury of considering only the portion of it with 8 € [O,gj and then

. . j-c . . . . 7’ .
doubling its area. For HG[O,E), the outer limit of the region is r2=\/§, so that part's area is

2

n/6 2
'[0/ l(\/g) d@zz. For He[g,gj, the outer limit of the region is r, =2cos@, so that part's area is

Jﬂ/z—(2 cosf)’ do = I 7/:2cosz 0d6. To evaluate this, recall the identity cos®@=1+1cos26. Therefore the inte-

x2 T (\/g JTJ n B

7/6
gral may also be written as vr;/:(l-i-cosZH)dH =0+1sin26]" =—- =————"_The union of these

KA) 3
TCJ‘(\/§7TC\/§

two regions is then _+§_T =E__, which is half of the area of the entire region. Therefore the area of

3

the whole region is % -,

2

4 6

2 J—
10a The Chain Rule gives d_y :M. This is 3t2 12
dx  dx/dt 6t" — 6t

2_

. If you are so inclined, you may factor out a 3 from the nu-

merator and a 6 from the denominator, yielding , but such simplification is entirely optional.

22 =2t
d 3(-1)°-12 -9 3

10b We need Lo > =—=——. We also must find x and y values: x(—l)=2(—1)3 —3(—1)2
dxl-, 6(-1)"—6(-1) 12 4

=-5 and y(—l) =(—1)3 —12(—1) =11. Therefore an equation for the tangent line is given by, in point-slope

form, y—11= —%(x+5)‘

10c Critical points are those at which the curve’s derivative is either undefined (vertical tangent line) or zero (horizon-

tal tangent line). The derivative will be undefined iff (if and only if) its denominator is zero; that is, d_x =0, so we
t



solve 2t* —2t=0; this gives te{O,l}. At t=0, (x,y)z(0,0); at t=1, (x,y)Z(—l,—ll). Therefore the curve
dy

has vertical tangent lines at (—1,—11) and (0,0). The derivative is zero iff its numerator is zero; that is, d_ =0,
t

so we solve 3t* —12=0 to get t=12, At t=-2, (x,y) 2(—28,16), and at t=2, (x,y) 2(4,—16). Therefore
the curve has horizontal tangent lines at (—28,16) and (4,—16)‘

11a An annotated hand-sketch is presented below. It is very much not to scale, and the path should be symmetric and
parabolic.

N [h=192 ft {

11b The component of the initial velocity in the horizontal direction is 128c0s30°, and the wind slows the projectile
down by 18 feet every second. Therefore x(t) = (128 cos 30°)t —18t= (64\/§ - 18)t' In the vertical direction, the
initial velocity’s component is 128sin30°, the particle has an initial height of 192 ft, and gravity’s contribution is

given by $a,t* =1(32)t =16t°. The total is y(t)=(128sin30°)t—16t" +192 =64t — 16t +192. Therefore the
vector equation is r(t) = <(64\/§ — 18)t, 64t—16t> + 192>.

d
11c We want to maximize y(t), so we find d_y =64—32t and set it equal to zero, finding ¢t=2. Evaluating y(2)
t

gives 64(2)—32(2)" +192 =256 ft.

11d To begin, find the time at which the particle lands by setting y(t) =0; thatis, 64t—16t> +192=0. This gives

te {—2,6}, from which we can immediately discard t=—2 because it is nonsensical to have negative time given

the situation. Therefore the particle hits the ground at t=6's; we find its horizontal displacement by finding

%(6)=(64+/3-18)(6) =384+/3 108 ft.

2% 4 4(t—4)
12a The acceleration vector a(t) is given by a(t) = d—f,d—z =(12—- 6t,(—)4 . Evaluating this at t=2 gives
e’ " dt 1+(t—4)

a(2) = <0,—3—>. The speed at t=2 is given by the magnitude of the velocity vector at t =2; since the velocity

2
17
vector is v(t):<Z—X,Z—y>=<12t—3t2,ln(1+(t—4)4)>, we have v(2):<12,ln17>, SO ||v(2)||:1/122+(1n17)2

t t
~12.33.

12b The change in the object’s y-coordinate is given by integrating d_y with respect to time over the time interval in
t

question; this is J.OZ ln(l + (t - 4)4 )dt. The integrand cannot be antidifferentiated without the techniques of com-



plex analysis, but the calculator will (after rather a while) give the approximation 8.671. However, note that this is
the change in the object’s y-coordinate; to get the actual y-coordinate, we must add its initial y-coordinate of 5, giv-

ing 13.671.

In(1+(t—4)" In(1+(2-4)"
12¢ We find the slope at P by d_y:dy/dt: ( ( 2) ); at t=2, d_y= ( ( )2)=1n17
dx dx/dt 12t -3t dx  12(2)-3(2) 12

the x-coordinate of P (it is given) and the y-coordinate (from part b), we can write the equation for the line in

In1
point-slope form as y—13.671= 1127 (x-3).

. Since we know

12d The object is stationary in the x-direction when Z—x =0; thatis, 12t—3t* =0, or te {0,4} . The object is station-
t

ary in the y-direction when j—y =0; thatis, In(l + (t - 4)4 ) =0, or t=4. The object is wholly stationary at the in-
t

tersection of the solution sets, which is t =4.



